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Classical picture and Drude model

ṙ =
p

m
, ṗ = −eE − p

τ

• Electric force and friction force
• The two forces encounter an stable value of p:

p = −eτE

• The net current

J = −enṙ = εE ← Ohm’s law
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Classical picture and Drude model

Fermi surface, Energy structure, Carrier type, Quantum interference,
Localization

• Cannot explain the particle/hole transport
• Cannot recognize metal/semiconductor/insulator
• Quantum interference/localization miss
• Fail in nonlinear transport/high frequency effect
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Bloch theorem

Plane wave → Bloch wave

ψ(r) = eik·ruk(r), uk(r) = uk(r +R)

• Similar with plane wave
• The Amplitude of the plane wave is modulated by periodic potential
• k is a good quantum number
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Wave packet

Why we need to define a wave packet?

The wavefunction of a wave packet:

|Ψ⟩ =
∫

d3k a(k, t) |ψk(r, t)⟩

=

∫
d3k a(k, t)eik·r |uk(r, t)⟩

• Linear superposition of Bloch wave near a certain kc ←Localized in
momentum space

kc = ⟨Ψ|k̂|Ψ⟩

• What about in real space?

rc = ⟨Ψ|r̂|Ψ⟩
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Wave packet

• The spread of the wave packet is smaller than length scale of the external
field

h̄k̇ =− eE − eṙ ×B

ṙ =
1

h̄

∂ε

∂k
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Wave packet
Hamiltonian

H [x̂, p̂, β1(x̂, t), . . . , βr(x̂, t)]

• {βi(x, t)} are modulation functions characterizing the perturbation

Linearize the perturbation about the wav packet center

H ≈ Hc +
∑
i

(x̂− xc) · gradxc
βi(xc, t)

Energy spectrum

Hc(xc, t) |ψq(xc, t)⟩ = εc(xc, q, t) |ψq(xc, t)⟩

Wave packet

|Ψ⟩ =
∫

d3q a(q, t) |ψq(xc, t)⟩

Sundaram et al, PRB 59, 14915 (1999)
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Wave packet

|Ψ⟩ =
∫

d3q a(q, t) |ψq(xc, t)⟩ =
∫

d3q a(q, t)eiq·x̂ |u(xc, q, t)⟩

{
qc =

∫
d3q q|a(q, t)|2

xc = ⟨Ψ|x̂|Ψ⟩

• ⟨Ψq′ |Ψq⟩ = δ(q′ − q)

• |a(q, t)|2 is narrow compared to the size of the Brillouin zone
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Center of the wave packet

xc = ⟨Ψ|x̂|Ψ⟩ =
∫

dq dq′ a∗(q, t)a(q′, t) ⟨uq|e−iq·xxeiq
′·x|uq′⟩

=

∫
dq dq′ a∗(q, t)a(q′, t) ⟨uq|

(
i∂qe

−iq·x
)
eiq

′·x|uq′⟩

=

∫
dq dq′

[
(−i∂qa∗(q, t))a(q′, t) ⟨uq|uq′⟩ ei(q

′−q)·x

− ia∗(q, t)a(q′, t) ⟨∂quq|uq′⟩ ei(q
′−q)·x

]
=

∫
dq

[
∂γ(q, t)

∂q
δ(q − qc) + ⟨uq|i∂quq⟩ δ(q − qc)

]
=
∂γc
∂qc

+ ⟨u|i∂qcu⟩

Assume a(q, t) = |a(q, t)|e−iγ(q,t)
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Lagrangian

L = ⟨Ψ|i ∂
∂t
− Ĥ|Ψ⟩

• Lagrangian should a function of xc and qc, their derivatives, and the time

L = L(xc, ẋc, qc, q̇c, t)
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Lagrangian

〈
Ψ

∣∣∣∣i ∂∂tΨ
〉

=
∂γc
∂t

+

〈
u

∣∣∣∣i∂u∂t
〉
+ ẋc ·

〈
u

∣∣∣∣i ∂u∂x c

〉
=

dγc
dt − q̇c ·

∂γc
∂qc

+ ẋc ·
〈
u

∣∣∣∣i ∂u∂x c

〉
+

〈
u

∣∣∣∣i∂u∂t
〉

=
dγc
dt − q̇c ·

(
xc −

〈
u

∣∣∣∣i ∂u∂qc

〉)
+ ẋc ·

〈
u

∣∣∣∣i ∂u∂xc

〉
+

〈
u

∣∣∣∣i∂u∂t
〉

→ −q̇c · xc + q̇c ·
〈
u

∣∣∣∣i ∂u∂qc

〉
+ ẋc ·

〈
u

∣∣∣∣i ∂u∂xc

〉
+

〈
u

∣∣∣∣i∂u∂t
〉

13 / 23



大
湾
区
大
学

Lagrangian

L = −ε+ qc · ẋc + q̇c ·
〈
u

∣∣∣∣i ∂u∂qc

〉
+ ẋc ·

〈
u

∣∣∣∣i ∂u∂xc

〉
+

〈
u

∣∣∣∣i∂u∂t
〉

Euler-Lagrange equation

d
dt
∂L

∂x
− ∂L

∂x
= 0,

d
dt
∂L

∂q
− ∂L

∂q
= 0
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Lagrangian

L = −ε+ q · ẋ+ q̇ ·
〈
u

∣∣∣∣i ∂u∂q
〉
+ ẋ ·

〈
u

∣∣∣∣i ∂u∂x
〉
+

〈
u

∣∣∣∣i∂u∂t
〉

Euler-Lagrange equation

d
dt
∂L

∂x
− ∂L

∂x
= 0,

d
dt
∂L

∂q
− ∂L

∂q
= 0
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Euler-Lagrange equation

∂L

∂ẋa
=qa + ⟨u|i∂xau⟩

∂L

∂xa
=− ∂ε

∂xa
+ q̇b (⟨∂xau|i∂qbu⟩+ ⟨u|i∂xa∂qbu⟩)

+ ẋb (⟨∂xau|i∂xbu⟩+ ⟨u|i∂xa∂xbu⟩) + ⟨∂xau|i∂tu⟩+ ⟨u|i∂xa∂tu⟩
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Euler-Lagrange equation

d
dt

∂L

∂ẋa
=q̇a + ⟨u̇|i∂xau⟩+ ⟨u|i∂xa u̇⟩

=q̇a + q̇b ⟨∂qbu|i∂xau⟩+ ẋb ⟨∂xbu|i∂xau⟩+ ⟨∂tu|i∂xau⟩
+ q̇b ⟨u|i∂xa∂qbu⟩+ ẋb ⟨u|i∂xa∂xbu⟩+ ⟨u|i∂xa∂tu⟩
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Euler-Lagrange equation

d
dt

∂L

∂ẋa
=q̇a + ⟨u̇|i∂xau⟩+ ⟨u|i∂xa u̇⟩

=q̇a + q̇b ⟨∂qbu|i∂xau⟩+ ẋb ⟨∂xbu|i∂xau⟩+ ⟨∂tu|i∂xau⟩
+ q̇b ⟨u|i∂xa∂qbu⟩+ ẋb ⟨u|i∂xa∂xbu⟩+ ⟨u|i∂xa∂tu⟩

∂L

∂xa
=− ∂ε

∂xa
+ q̇b (⟨∂xau|i∂qbu⟩+ ⟨u|i∂xa∂qbu⟩)

+ ẋb (⟨∂xau|i∂xbu⟩+ ⟨u|i∂xa∂xbu⟩) + ⟨∂xau|i∂tu⟩+ ⟨u|i∂xa∂tu⟩

One obtain

q̇a =− ∂ε

∂xa
+ q̇b (⟨∂xau|i∂qbu⟩ − ⟨∂qbu|i∂xau⟩)

+ ẋb (⟨∂xau|i∂xbu⟩ − ⟨∂xbu|i∂xau⟩)
+ ⟨∂xau|i∂tu⟩ − ⟨∂tu|i∂xau⟩
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Euler-Lagrange equation

d
dt

∂L

∂ẋa
=q̇a + ⟨u̇|i∂xau⟩+ ⟨u|i∂xa u̇⟩
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∂L

∂xa
=− ∂ε

∂xa
+ q̇b (⟨∂xau|i∂qbu⟩+ ⟨u|i∂xa∂qbu⟩)

+ ẋb (⟨∂xau|i∂xbu⟩+ ⟨u|i∂xa∂xbu⟩) + ⟨∂xau|i∂tu⟩+ ⟨u|i∂xa∂tu⟩

One obtain

q̇a =− ∂ε

∂xa
+Ωxaqb q̇b +Ωxaxb ẋb +Ωxat

The tensor is defined as

Ωxaxb = i

(〈
∂u

∂xa

∣∣∣∣ ∂u∂xb
〉
−

〈
∂u

∂xb

∣∣∣∣ ∂u∂xa
〉)
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Euler-Lagrange equation

With the same method, one obtain

ẋa =
∂ε

∂qa
− (Ωqaxb ẋb +Ωqaqb q̇b) + Ωtqa
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ELectromagnetic field

• The Hamiltonian is modified by the gauge potential

H = H0[q + eA(x, t)]− eϕ(x, t)

where k = q + eA(xc, t) is the gauge invariant crystal moemtum.
• The Lagrangian becomes

L =− ε+ eϕ(xc, t) + q · ẋ+ k̇c ·
〈
u

∣∣∣∣i ∂u∂kc

〉
=− ε− eϕ(xc, t) + k · ẋ− eA(xc, t) · ẋ+ k̇c ·

〈
u

∣∣∣∣i ∂u∂kc

〉
• The equation of motion

k̇a =
∂ε

∂xa
+ e

(
∂ϕ

∂xa
+
∂Aa

∂t

)
− eẋb

(
∂Ab

∂xa
− ∂Aa

∂xb

)
ṙa =

∂ε

∂ka
+ k̇b (⟨∂kbu|i∂kau⟩ − ⟨∂kau|i∂kbu⟩)
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ELectromagnetic field

• The Hamiltonian is modified by the gauge potential

H = H0[q + eA(x, t)]− eϕ(x, t)

where k = q + eA(xc, t) is the gauge invariant crystal moemtum.
• The Lagrangian becomes

L =− ε+ eϕ(xc, t) + q · ẋ+ k̇c ·
〈
u

∣∣∣∣i ∂u∂kc

〉
=− ε− eϕ(xc, t) + k · ẋ− eA(xc, t) · ẋ+ k̇c ·

〈
u

∣∣∣∣i ∂u∂kc

〉
• The equation of motion

k̇ =− eE − eẋ×B

ẋ =
∂ε

∂k
− k̇ ×Ω

where B = ∇×A, and Ω = ∇× ⟨u|i∂ku⟩
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Boltzmann equation

The distribution function

df
dt =

(
∂f

∂t

)
coll

• ’coll’ is the collision term
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Boltzmann equation

The distribution function

∂f

∂t
+ ṙ · ∂f

∂r
+ k̇ · ∂f

∂k
=

(
∂f

∂t

)
coll

• ’coll’ is the collision term
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Boltzmann equation

The distribution function

∂f

∂t
+ ṙ · ∂f

∂r
+ k̇ · ∂f

∂k
= −f(r,k, t)− f0(r,k)

τ(k)

• Relaxation time approximation
• Non-equilibrium state f decays to f0

A definite time direction is present
→The collision term should reverse its sign under time-reversal operation
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Boltzmann equation

The distribution function

k̇ · ∂f
∂k

= −f − f0
τ

→ f =

∞∑
α=0

(
−τ k̇ · ∇k

)α

f0
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Boltzmann equation

The distribution function

k̇ · ∂f
∂k

= −f − f0
τ

→ f =

∞∑
α=0

(τE · ∇k)
α f0
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Linear longitudinal response

Integrate the charge current operator −ev in k-space:

jx =
1

(2π)3

∫
dk (−evx)τ

eEx

h̄
∂kxf0

= −e
2τ

h̄

1

(2π)3

∫
dk vx

∂f0
∂ε

∂ε

∂kx
Ex

= − e2τ

(2π)3

∫
dk v2x

∂f0
∂ε

Ex

The red part denotes the longitudinal conductivity σxx

jx = σxxEx
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Linear Hall effect
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Summary

• Classical picture of the charge current: Drude model
• Wave packet
• Lagrangian and Euler-Lagrange equation
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