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What is tight binding model

Why band structure happens:

The electrons of isolated atom occupy atomic orbitals with discrete energy
levels

If two atoms come close enough — their atomic orbitlas overlap —
electrons can tunnel between the atoms

This tunneling splits the atomic orbitals into molecular orbitals with
different energies

If a large number N of identical atoms come together to form a solid —
Each discrete energy level splits into N levels, each with different energy

N ~ 10%

The adjacent levels are very closely spaced in energy — it can be
considered to form a continuum (energy band)
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What is tight binding model

® An approach to calculate band structure in solids

® The name “tight binding"” suggests that the model describes the properties
of tightly bound electrons in solids

® The electrons should have limited interaction with states on surrouding
atoms of the solid
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Why tight binding model

® When the number of atoms/electrons is very small (N < 10) — exact
method

Calculations resource increase exponentially as IV increases. And it
become impossible

® N < a few thousand atoms — density functional theory techinques
® N > 10000 — self-consistent DFT calculation is also impossible
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Linear combination of atomic orbitals

H(r) = Ha(r)+ Y _V(r — Ry) = Ha(r) + AU(r)
n#0

Schrédinger equation

Hr, () = emtpm (1) < Difficult to solve
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Linear combination of atomic orbitals

H(r) = Ha(r)+ Y _V(r — Ry) = Ha(r) + AU(r)
n#0

Schrédinger equation

Hr, () = emtpm (1) < Difficult to solve

V(r — Ry): atomic potentials at site R,
® AU is small enough

Atomic orbitals ¢, (r) are eigenstates of Ha(r)

Hap(r) = empm(r)

® Linear combination of atomic orbitals (LCAO)

Zb n)em(r — Ry)
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Bloch band

The Bloch theorem

Y(r + Ri) = ™ Fy(r)
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Bloch band
The Bloch theorem

Y(r + Ri) = ™ Fy(r)

> bm(Rn)em(r + Ry — = Z’“R’Zb

n

<Pm "'_Rn)
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Bloch band

The Bloch theorem

Y(r + Ri) = ™ Fy(r)

Zb 2 )Pm (1 + Ry — = Z’“R’Zb

Zb Somr_(Rn_ = ZleZb

<Pm "'_Rn)

2)pm(r — Ry)
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Bloch band

The Bloch theorem

b(r+ Ri) = e Fy(r)
Zb n)om(r + Ry — = szsz n)@m(r — Ry)
Zb ) pm (P — (R, — Ry)) = ’kR’Zb n)pm (P — Ry)

Zb o R)pu(r = Ry) = €Y b (R (r — Ra)
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Bloch band

The Bloch theorem

U(r+ Ry) = ™ Py (r)
Zb n)m (T + Ry — = szsz n)@m(r — Ry)
Zb ) pm (P — (R, — Ry)) = ’kR’Zb n)pm (P — Ry)

Db (Bt R (r = o) = €% 3 b (B)om(r = Bo)
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Bloch band

The Bloch theorem

Y(r + Ri) = ™ Fy(r)

Zb (Pm 7'+Rl = ZleZb @m "'_Rn)
Zb ) pm (P — (R, — Ry)) = ’kR’Zb n)pm (P — Ry)
Db (Bt R (r = o) = €% 3 b (B)om(r = Bo)

Consequently

b (R, + Ry) = ™ Fib,,(R,)
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Tight-binding method

b (R, + Ry) = ™ Fib,, (R,)

* R, =0 bn(R;) =™, (0)
® Normalization condition

1= /drwm ) hm (7 Z/drb* (0)e~ k- Fnp, (0)e!™ Fipk (r — Ru)em(r — Ry)
= ST TR (©)0,,(0) [ dr i~ Rudion (r — R)
= e R (006 (0) [ dw (@~ Ry)pn(@)
l p

= VYRR 06 (0) [ de (e - Ry)on (@)

p

In the above derivation, we set € = r» — R;.
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Tight-binding method

1= Nb;,,(0)bn(0) + N> e b, (0)byn (0) / dz r (T — Rp)om ()
p#0

® Since we assume AU is small, the overlap of atomic orbitals can be safety
neglected

And thus

-

and

Im(r) %ﬁ S~ o)
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Tight-binding method

1= Nb;,,(0)bn(0) + N> e b, (0)byn (0) / dz r (T — Rp)om ()
p#0

® Since we assume AU is small, the overlap of atomic orbitals can be safety

neglected
And thus
1
bm(0) = —
O~ Tw
and
1 ik-R
Ym(r) & —= € om(r — R)
N>
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Outline

Band structure
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Band structure

Only consider the s-orbitals

z: kR
7»7

R

ﬂ\

® Dispersion relation
B(k) = / ¢ (1) Hp(r) dr
-1 Z}; WO [ar gl (r - R)Ho(r — R)

=y D [ sieo e (1 - R)
R,R’/

=3 R /dm ¢i(x)Hos(z — R")

R/

=Y [z i@ oo - R)

R
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Band structure

Bk = 3 [ dw i@ o @~ R

R

® R sums over all translation vector

® R =0 gives the s-orbital energy in isolated atom

[ desi@Ho (@) = .
® Hopping energy

> M T(R])

R

® For the s-orbital band

T(|R]) = Ae~ "/
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Single band in 1D crystal

In a 1D crystal, the translation vectors R = naoX, where n is an integer

E(k) = e, + (eikao n e—ikao) T(ao) + (e2ika0 n e—Qikao) T(2a0) + . ..
~ g9 + 2 cos(kao)T(ao)

T(2a0) can be ignored since the overlap of the wavefunction in the
next-nearest-neighbor is exponential small
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Single band in 2D /3D crystal

With nearest hopping

E(ke,ky) = s + 2T (a) cos(kza) + 2T'(b) cos(kyb)
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N-atom basis

In a crystal with an N atom basis, the states can be expanded as combination
of N Bloch states,

w'mk Zczk¢zk Zczk\/fz ZkR 'I'— )

The energy

= ikCikdin(r)Hejk(r)
=D ciw (SinlHldsk) cin
i
Clk

= (Cf,k C;,k ) <¢i,k|H\¢j,k> €2,k

We should find the lowest energy to determine the coefficient ¢; g
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N-atom basis

In a crystal with an N atom basis, the states can be expanded as combination
of N Bloch states,

w'mk chk¢Lk Zczk\/fz ZkR 'I'— )

The Hamitonian is expanded in the basis of ¢; k()
Hij = (¢ik|H|pj k)
Finally, the energy structure can be determined by the eqaution

det(H — E(k)I) =0
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Outline

Second quantization
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Second quantization

U(r) =Y amhn(r), Ym(r) = bu(Ra)pm(r — Ru)

n

In second quantization, the basic object is the field operator

U(r) =D ambm(Ra)om(r — R) = Y cm(Ru)pm(r — Ry)
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Second quantization

U(r) =Y amhn(r), Ym(r) = bu(Ra)pm(r — Ru)

n

In second quantization, the basic object is the field operator

B(r) = 3 en(Ra)om(r — Ru)
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Second quantization

r) = Zamwm(T), Y (r) = me(Rn)st(r _R.)

n

In second quantization, the basic object is the field operator

U(r) =Y ém(Rn)om(r — Ru)

The Hamitonian in second quantization
H= /dr U (r)HY(r)

=Dt el (Ri)en(Ry)

©,3,m

The hopping coefficient

ti" = /dr@fn(r — R)Hpn(r — R;)
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Outline

Single-layer and bilayer graphene
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Tight-binding model in single layer graphene

A B A
120°
f.
6 Q y[

X

From Leggett's lecture

0= 35, =309

The reciprocal lattice vectors by, bz defined by a; - b; = 27d;;:

blzé—Z(l,\/g)7 bgzi—Z(l,—x/??)
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Tight-binding model in single layer graphene

First Brillouin zone

K,
Yy b‘]
K
M
r Ky
K'
b,

2 1 , 2 1 2
K = 1 K =—1(1- M = 1,0
w (1) ®=R(t-5) M-S0

® The electrons outside Carbon atom: 1s?2s22p?
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Tight-binding model in single layer graphene

Only nearest neighbor hopping is considered

H= ftz (a;rbj + bjai) = ftz Z (a;rbzurs + bL,;ai)
i€A &

(5)
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Tight-binding model in single layer graphene

Fourier transform

where N /2 is the number of A sites.

. t i(k—k')r; —ik!-6 1
H__mz Z [e e akbkf—i—H.c.}

i€A 8,k k!

— —tz (eiik"sazbk + H. c.)
5.k

()2 )6

=t [cos(k - )01 —sin(k - 8)]

s
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Tight-binding model in single layer graphene

Ap = B0 4 pikida 4 ks

= g thaa [1 14 2¢™kea/2 g (?/@a)]

The energy spectrum

E(k) = dty/ AkAZ:

= :I:t\/l + 4 cos (gkza) cos (?kya) + 4 cos? <§kya)

® For k=K or K', Ay =0, gapless bands
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Tight-binding model in single layer graphene

0AL
ok

. —1 Taga .
= —ie” 503 (g, + i)

AK+q ~ A(K) =+

k=K

Near the Dirac point K, the Hamiltonian is thus

0 gz +1qy

H(K +q) =vr <qz —ig, 0

) = or @~ 02
Near K’

H(K' +q) = vF( e quy) = vF (¢z0o1 + qyo2)

Gz +iqy
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Effective model in bilayer graphene

AB-stacking

® Bernal type

® One A atom in the top layer (A) lies above a B atom in the bottom layer
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Effective model in bilayer graphene
AB-stacking
Interlayer

hopping
—>

bottom

® Bernal type
® One A atom in the top layer (A) lies above a B atom in the bottom layer
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Effective model in bilayer graphene

A B A B
0 0 0 wvrf\ A
0 0 v 0 B
H=10 it 0 o |4
v 0 0 0 B

where 7t = ke —iky

® No any inter-layer coupling
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Effective model in bilayer graphene

A B A B
0 0 0 wvrf\ A
0 0 VT 0 B
H= 0 vt 0 Y1 A
vm 0 Y 0/ B

where 7t = ke —iky

® Coupling between A and B
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Effective model in bilayer graphene

0 V3T VTK'T A

- B

_ V3T 0 v 0 B

i = 0 vt 0 o1 A
1 Zis 0 ol 0/ B

where 7t = ke —iky
® Coupling between A and B
® Coupling between A and B
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Effective model in bilayer graphene

0 vsr wnl waf\ A

vamt 0 vr  wrw | B

H= i 2
wmT o vmw 0 7 | A

v 11477T T 0 B

where 77 =k, — iky
® Coupling between A and B
® Coupling between A and B
® Coupling between A/B and A/B

v=28x10°m/s, y1 = 0.39eV

27/29



Outline

Summary
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Summary

® Tight-binding model
® Calculate the band spectrum: Band width, band gap

® Surface states, many-body problem and quasiparticle calculations
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